We compute the maps induced on sutured Floer homology by some elementary decorated link cobordisms. We show that they give rise to a (1 + 1)-dimensional TQFT that, when applied to the cube of resolutions of a marked knot diagram, gives the complex defining the reduced Khovanov homology of the knot.
Introduction
In recent years, many homological invariants for knots and links were defined. Khovanov [Kho00] introduced a categorification of the Jones polynomial, called Khovanov homology. A reduced version of it, called reduced Khovanov homology, was then defined in [Kho03] .
Khovanov's construction works as follows. Given a marked knot diagram, consider the corresponding cube of resolutions: its vertices are resolutions of K, obtained by smoothing all the crossings of the diagram, whereas its edges are given by pair-of-pants cobordism between resolutions that differ only at a crossing.
Let V be a 2-dimensional vector space generated by two vectors v + and v − 1 . Khovanov associates to every resolution of K the vector space V ⊗n , where n is the number of components of the resolution, and to every cobordism a map. Khovanov's cobordism maps are of two kinds: there is a map for the pair-of-pants cobordism that merges two components and a map for the pair-of-pants cobordism that splits a component into two. Such cobordism maps are given by a (1 + 1)-dimensional TQFT and they turn into a chain complex the vector space obtained by direct summing the vector spaces associated to all resolutions. The homology of such a complex is called Khovanov homology.
The reduced version of Khovanov homology is obtained by putting a basepoint on the diagram of the knot: as a result, all the resolutions have a marked component. Now by quotienting each vector space V ⊗n of the complex by v − ⊗V ⊗n−1 , where the first factor V is considered as associated to the marked component of the resolution, one obtains a new complex, that defines reduced Khovanov homology, which is again an invariant of the knot.
In this paper, we explore the relationship between reduced Khovanov homology and another homology theory for links, namely link Floer homology (HFL) defined by Ozsváth and Szabó [OSz08] . We build a (1 + 1)-dimensional TQFT as follows: we associate to each unlink U n the F 2 -vector space HFL(U n ), and to every cobordism the cobordism map in sutured Floer homology SFH defined by the first author [Juh09] . The main result we prove is the following.
Theorem 1. The (1 + 1)-dimensional TQFT induced by SFH is the same as Khovanov's reduced TQFT. Consequently, the homology of the complex obtained from a cube of resolutions for a knot K by applying the SFH functor is the reduced Khovanov homology of K with F 2 coefficients.
Knot Floer homology, denoted by HFK(K) and defined independently by Ozsváth and Szabó [OSz04] and Rasmussen [Ras03] , is a special case of link Floer homology. Rasmussen [Ras05] conjectured that there exists a spectral sequence from reduced Khovanov homology to knot Floer homology.
Our strategy to prove Theorem 1 is the following. First, we compute the maps induced on HFL by the elementary link cobordisms in Figure 1 . To do so, we use the sutured Floer approach to cobordisms [Juh09] .
Then, we generalise such computations by proving a disjoint union formula that allows us to understand all maps induced on HFL by any cobordism appearing in the (1 + 1)-dimensional TQFT. We will actually develop a much more general formula, that holds for connected sums of balanced sutured manifolds, cf. Theorems 15 and 17.
To prove Theorem 1, we need to overcome another obstacle. The cobordism maps obtained from the disjoint union formula (i.e. Theorem 15) are expressed in some inconvenient basis of the link Floer homologies. Therefore, we actually need to fix a canonical basis of HFL(U n ), which is achieved by marking a component of U n . We then express the cobordism maps that we have computed in this basis, and we find that they are exactly the same as Khovanov's maps induced by the same cobordisms. This concludes the proof of Theorem 1.
Organisation. In Section 1, we recall the definitions of sutured Floer homology and of the cobordism map associated to a decorated link cobordism. In Section 2, we compute the maps induced on HFL by the cobordisms in Figure 1 . In Section 3, we define the disjoint union of two decorated link cobordisms, and we study the behaviour of the cobordism maps under disjoint union. We prove a formula for the more general case of connected sums of sutured manifold cobordisms, that is expressed in Theorem 15. We also prove a refinement of this formula for the case of Spin C cobordisms; cf. Theorem 17. In Section 4, we define a canonical basis for the link Floer homology of a marked unlink in S 3 . The rest of the section is devoted to expressing in this canonical basis the TQFT that arises by applying the sutured Floer functor to cobordisms between unlinks that are disjoint unions of identity cobordisms and cobordisms from Figure 1 .
Finally, by comparing the (1 + 1)-dimensional TQFT that we obtain with Khovanov's one, we prove Theorem 1.
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Preliminaries
Throughout this paper, F 2 denotes the field with two elements. We will make extensive use of sutured Floer homology, so we give a short introduction in the following paragraph. It will provide us with a suitable setting to study link cobordisms.
Sutured Floer homology and cobordism maps
Sutured Floer homology is a module over Z or F 2 associated to any balanced sutured manifold, introduced in [Juh06] . Thus, we first define what a (balanced) sutured manifold is.
Definition 2 ([Gab83]).
A sutured manifold is a compact oriented 3-manifold M with boundary together with a set γ ⊆ ∂M of pairwise disjoint annuli A(γ) and tori T (γ). Furthermore, the interior of each component of A(γ) contains a homologically non-trivial oriented simple closed curve, called suture. The union of the sutures is denoted by s(γ).
Finally, every component of R(γ) = ∂M \
• γ is oriented in such a way that ∂R(γ) is coherent with the sutures. Let R + (γ) (resp. R − (γ)) denote the components of R(γ) where the normal vector points outwards (resp. inwards).
Definition 3 ([Juh06]
). We say that a sutured manifold (M, γ) is balanced if the following three conditions hold:
• M has no closed components; Sutured Floer homology is an invariant SFH(M, γ) of a balanced sutured manifold (M, γ) that was defined in [Juh06] . In a similar way as for Heegaard Floer homology, sutured Floer homology admits a splitting along the relative Spin C structures on M : these are defined in [Juh06, Section 4] and form an affine space over
Sutured Floer homology is a generalisation of HFL, the link Floer homology defined by Ozsváth and Szabó in [OSz08] , due to the following proposition:
In [Juh09] a map in SFH associated to a cobordism of balanced sutured manifolds was defined. We now quickly recall the definition.
Definition 6 ([Juh09]
). Let (M, γ) be a sutured manifold, and suppose that ξ 0 and ξ 1 are contact structures on M such that ∂M is a convex surface with dividing set γ with respect to both ξ 0 and ξ 1 . Then we say that ξ 0 and ξ 1 are equivalent if there is a one-parameter family {ξ t | t ∈ I} of contact structures such that ∂M is convex with dividing set γ with respect to ξ t for every t ∈ I. In this case, we write ξ 0 ∼ ξ 1 , and we denote by [ξ] the equivalence class of a contact structure ξ.
, where:
• W is a compact oriented 4-manifold with boundary;
• Z ⊆ ∂W is a compact, codimension-0 submanifold with boundary (viewed within
• ξ is a positive contact structure on Z such that ∂Z is a convex surface with dividing set γ i on ∂M i for i = 0, 1.
According to [Juh09] , every cobordism of balanced sutured manifolds up to equivalence induces a map (well-defined up to an overall sign ±1) from SFH(M 0 , γ 0 ) to SFH(M 1 , γ 1 ). The definition of such a map requires two steps, that we quickly outline.
First, denote by (N, γ 1 ) the sutured manifold obtained by gluing M 0 and −Z along their common boundary ∂M 0 , with sutures γ 1 on ∂N ∼ = ∂M 1 . Suppose for the moment that every component of N \ M 0 intersects ∂N 2 . We can view the cobordism [OSz06] , which is well-defined up to an overall sign ±1.
It remains to show that there is a map SFH(M 0 , γ 0 ) → SFH(N, γ 1 ). This is a consequence of [HKM08, Theorem 1.1]: the inclusion of the sutured manifolds (−M 0 , γ 0 ) in (−N, γ 1 ) and the presence of the contact structure ξ on (−N ) \ Int(−M 0 ) induce a map (well-defined up to sign)
The map associated to the cobordism W is then given by
The map Φ ξ is usually called gluing map, whereas the map F s W is usually called handle attachment, surgery map or special cobordism map.
Recall that we supposed that there are no components of N \ M 0 that do not meet ∂N (they are also called isolated components): this requirement was needed for the definition of the gluing map 3 . When there are isolated components, the cobordism map associated to a cobordism W is defined as follows: remove a tight ball B 3 (i.e. a ball with a single suture on the boundary) from each isolated component of N and add them to M 1 . What one gets is a cobordism W from (M 0 , γ 0 ) to (M 1 B 3 , γ 1 γ B 3 ) with no isolated components. By composing the already defined map
with the natural isomorphism
one obtains a (well-defined up to sign) cobordism map F W . The main properties of the cobordism map are well summarised by the following theorem. Here BSut denotes the category of balanced sutured manifolds and equivalence classes of cobordisms, whereas Ab denotes the category of abelian groups.
Theorem 9 ([Juh09, Theorem 8.12]). SFH defines a functor BSut → Ab, which is a (3 + 1)-dimensional TQFT in the sense of [Ati88] and [BT06] , except for the ±1 ambiguity when we are working with Z coefficients.
Decorated link cobordisms
The sutured setting is particularly convenient to define maps induced in link Floer homology by link cobordisms.
Definition 10 ([Juh09, Definition 4.6]). A decorated link is a triple (Y, L, P ), where L is a non-empty (unoriented) link in a connected oriented 3-manifold Y , and P ⊆ L is a finite set of points, such that for every component L 0 of L the number |L 0 ∩ P | is positive and even. We have a decomposition into compact 1-manifolds
Each decorated link naturally yields a balanced sutured manifold as now described.
If each component of L only contains two decorations (i.e. points of P ), then the sutured manifold associated to the decorated link is exactly the sutured manifold Y (L) described in Example 4.
Definition 11 ([Juh09]).
A surface with divides (F, σ) is a compact orientable surface F , possibly with boundary, together with a properly embedded 1-manifold σ that divides F into two compact subsurfaces that meet along σ.
is a surface with divides such that the map
is a bijection;
• we can orient each component R of F \ σ such that whenever ∂R crosses a point of P 0 , it goes from R + (P 0 ) to R − (P 0 ), and whenever it crosses a point of P 1 , it goes from R − (P 1 ) to R + (P 1 );
Furthermore, we say that two decorated link cobordisms X = (X, F, σ) and
Decorated links and equivalence classes of decorated link cobordisms form a category which is denoted by DLink.
According to [Juh09] , a decorated link cobordism (X, F, σ) naturally yields a cobordism (W, Z, [ξ]) between the balanced sutured manifolds induced by the two decorated links. Furthermore, if (X, F, σ) and (X , F , σ ) are equivalent, so are the cobordisms of sutured manifolds associated to them. Therefore, there is a functor W : DLink → BSut. By composition with SFH, there is a functor, well-defined up to sign, from DLink to Ab.
Given a decorated link cobordism, with a little abuse of notation we will denote with the same letter also the cobordism of sutured manifolds associated to it.
Computations of SFH cobordism maps
This section is devoted to computing the maps induced in SFH by some cobordisms of sutured manifolds. In all the pictures of this paper, all cobordisms will be always represented as from the bottom to the top: if X is a cobordism from Y 0 to Y 1 , then Y 0 will be at the bottom of the picture, and Y 1 will be at the top.
2.1. The pair of pants cobordism from U 1 to U 2 Let V denote the pair of pants cobordism from the unknot U 1 ⊆ S 3 to the 2-component unlink U 2 ⊆ S 3 , with decorations as in Figure 1 . By definition, the map F V induced in SFH is the composition of two maps
where B and T respectively denote the bottom-dimensional and the top-dimensional homogeneous generators of HFL(U 2 ). Since L • V is the identity decorated link cobordism from U 1 to U 1 , by functoriality we know that F V : F 2 → F 2 2 is injective. Through a careful analysis of the special cobordism, we will prove that Im(F s V ) ⊆ F 2 B , and therefore the map F V will be determined:
(1)
In the case at hand, the sutured manifold (N, γ 1 ), which is the result of the gluing of M 0 and −Z, is isomorphic to (S 1 × I × S 1 , {±1} × ∂I × S 1 ).
The sutured manifold S 3 (U 2 ) is obtained from (S 1 × I × S 1 , {±1} × ∂I × S 1 ) by attaching a 4-dimensional 2-handle: the attaching sphere is S 1 × {0.5} × {p}, with framing S 1 × {0.5} × {q}, where p and q are two points in S 1 . The attaching sphere of this handle is illustrated on the left-hand side of Figure 2 . According to [Juh09] , the map in SFH associated to a 2-handle attachment is obtained by taking a sutured Heegaard diagram subordinate to a bouquet for the attaching sphere of the 2-handle. Such a sutured Heegaard diagram is represented in Figure 3 . We will denote it by (Σ, α, β, δ), where α, β and δ respectively denote the red, the blue and the green curves. Let M εζ denote the sutured manifold obtained from the sutured Heegaard
In the sutured Heegaard diagram (Σ, α, δ), the sutured Floer complex SFC(S 3 (U 2 )) has only two generators: the triple [XY Ψ] (that gives the bottom-dimensional generator B in homology) and the triple [XY Ω] (that gives the top-dimensional generator T in homology).
The cobordism map is defined by counting the clockwise holomorphic triangles of Maslov index 1 connecting a generator of SFC(M αβ ), the top-dimensional generator of SFC(M βδ ) and a generator of SFC(M αδ ). In the case at hand, one can check that there are no domains of Maslov index 1 emanating from the generator [XY Ω] of SFC(M αδ ). It follows that the image of the chain map is entirely contained in
, and therefore the image of the induced map in homology is contained in F 2 B . As observed before, this uniquely determines the map F V , which is the one in Equation (1).
2.2. The pair of pants cobordism from U 2 to U 1
We now turn our attention to the case of the pair of pants cobordism that we called Λ in Figure 1 . Such a cobordism is obtained from V by reversing its orientation and turning it upside down. By using this fact, we can decompose Λ into a special cobordism and a "gluing map cobordism" (i.e. a cobordism that can be expressed with no handle attachments). The reason is now explained. In Section 2.1 we decomposed the cobordism V into a gluing map cobordism from S 3 (U 1 ) to (N, γ 1 ) and a special cobordism from (N, γ 1 ) to S 3 (U 2 ). By changing orientation and turning upside down these two cobordisms we obtain a decomposition of Λ as a special cobordism from S 3 (U 2 ) to (N, γ 1 ) and a gluing map cobordism from (N, γ 1 ) to S 3 (U 1 ). This implies that the map F Λ is the composition of two maps:
The fact that Λ • Γ is the identity cobordism implies that the map F Λ is surjective. Therefore, in order to completely understand F Λ , it suffices to determine its kernel.
We will now prove that B is in the kernel of the surgery map F s Λ , which implies that F 2 B = ker(F Λ ), and that therefore F Λ is given by
The key observation, in order to prove that B is in the kernel of the surgery map F s Λ , is that the special cobordism from S 3 (U 2 ) to (N, γ 1 ) consists of the attachment of a 2-handle which is dual to the one in Figure 2 on the left. It follows that it can be expressed by the sutured Heegaard diagram obtained from the one in Figure 3 by swapping the β and the δ curves. Thus, the special cobordism map F s Λ can be computed by counting counterclockwise triangles of Maslov index 1 in the sutured Heegaard diagram in Figure 3 .
One can check that there are no counterclockwise triangles of Maslov index 1 emanating from [XY Ψ], that therefore lies in the kernel of the map. This implies that F s Λ (B) = 0 and, from the discussion above, that the map F Λ is given by Equation (2).
2.3. The "birth" cobordism from U 1 to U 2
Now we draw our attention to the cobordism from U 1 to U 2 given by the "birth" of a new component. We call such a cobordism Γ (cf. third picture in Figure 1 ). Following the definition of F Γ in [Juh09] , we decompose the cobordism into a gluing map cobordism and a special cobordism. The map F Γ is then given by the composition
In this case, the sutured manifold (N, γ 1 ) is the disjoint union of two solid tori with two longitudinal sutures on each boundary component. It follows that SFH(N, γ 1 ) ∼ = F 2 . So, the composition of maps in Equation (3) is
Since Λ•Γ is the identity cobordism, the map F s Γ must be injective and Φ ξ must be an isomorphism. As for the map F s Γ , note that the special cobordism is given by a single 1-handle attachment that joins the two components of (N, γ 1 ) (as suggested in Figure 2 on the right). After the 1-handle attachment, a sutured Heegaard diagram is modified in such a way that two small discs from different components of the surface Σ are removed and an annulus (with a homotopically non-trivial α curve and a homotopically non-trivial β curve) is attached along the boundaries of the discs. Without loss of generality, we can suppose that the discs are drilled out near the boundary of Σ. By [Juh06] , we know that
where (N, γ 1 ) = (N a , γ a ) (N b , γ b ), and F 2 2 is generated by a top-dimensional element ϑ + and a bottom-dimensional element ϑ − . By [Juh09] , we know that the induced map in SFH is obtained by tensoring with the top-dimensional generator of the attaching annulus. When we take the homology, any element of the form − ⊗ ϑ + is sent to − ⊗ T . Therefore, in our case, the map F Γ is given by
The last cobordism that we study corresponds to the birth of a link component. We call this cobordism L (cf. last picture in Figure 1 ). We can decompose such a cobordism in a special cobordism and a gluing map cobordism. The intermediate sutured manifold is the same (N, γ 1 ) as in Section 2.3. Thus, the map F L is given by the composition
The fact that L • V = id implies that F s L is surjective, and that Φ ξ is an isomorphism. The map F s L is the attachment of a 3-handle (specifically, the 3-handle dual to the 1-handle in Figure 2 on the right). By a dual reasoning to the one in Section 2.3, under the isomorphism
where (N, γ 1 ) = (N a , γ a ) (N b , γ b ), any element of the form − ⊗ T is sent to 0 by the cobordism map. Thus, the map F L is given by
Remark. All the computations that we have made in Section 2 are summarised in Figure 1 .
A disjoint union formula
In this section we focus on a formula for the disjoint union of link cobordisms, with the aim of putting the maps associated to the cobordisms in Figure 1 into a TQFT. Although we actually need a minimal version of it, we give a proof in the general setting (cf. Theorems 15 and 17). It is well known (cf. for instance [Juh06, Proposition 9.15]) that the link Floer homology of the "split" disjoint union of two links K i and L i satisfies
We would like to understand if the cobordism map associated to a disjoint union of link cobordisms splits in a similar way.
We define the disjoint union cobordism to be the cobordism in S 3 × I obtained by taking the disjoint union of the two surfaces F and G (with divides σ F σ G ). We denote it by X K X L . Such a cobordism connects the link K 0 L 0 (the "split" disjoint union of K 0 and L 0 ) to the link K 1 L 1 .
One would hope that the map induced by the cobordism X K X L in sutured Floer homology is the tensor product of the maps induced respectively by X K and X L (and the map id ). We will show that this is true, but only under some reasonable conditions.
We will actually prove it in a generalised setting, by considering sutured manifolds. Recall that the complement of a link is naturally a sutured manifold (cf. Example 4). By [Juh06, Proposition 9.15], Equation (6) generalises as follows: if (M, γ) and (N, ν) are balanced sutured manifolds, then
From this viewpoint, the disjoint union cobordism of decorated links can be regarded as a particular case of an operation on cobordisms of sutured manifolds, which we call a "connected sum" of cobordisms. Loosely speaking, if W is a cobordism of sutured manifolds from (M 0 , γ M 0 ) to (M 1 , γ M 1 ) and U is a cobordism from (N 0 , γ N 0 ) to (N 1 , γ N 1 ) , we would like to define a cobordism from N 1 , γ N 1 ) by removing an embedded copy of S 3 × I from both W and U and by gluing together what remains of the two cobordisms.
We now give the precise definition.
Choose a properly embedded copy of B 3 ×I in W (resp. in U ) such that B 3 ×{i} ⊆ M i (resp. N i ) for i = 0, 1. We define the connected sum of W and U to be the cobordism
• V is the 4-dimensional manifold obtained by removing the copies of B 3 × I from W and U and by gluing together what remains of W and U along S 2 × I ⊆ ∂ B 3 × I ;
The following theorem specifies sufficient conditions for the map induced in SFH by the connected sum of two cobordisms to be equal to the tensor product of the maps induced by the original cobordisms.
) be a cobordism between the balanced sutured manifolds (M 0 , γ N 0 ) and (M 1 , γ N 1 ) (resp. (N 0 , γ N 0 ) and (N 1 , γ N 1 ) ). Let c M (resp. c N ) be an arc on Z W (resp. Z U ) connecting M 0 to M 1 (resp. N 0 to N 1 ). Let c M (resp. c N ) denote a small perturbation of c M (resp. c N ) that is disjoint from the vertical boundary Z W (resp. Z U ). Identify a regular neighbourhood of c M (resp. c N ) with a properly embedded copy of B 3 × I in W (resp. U ). Then, if W U denotes the connected sum of the cobordisms W and U along these properly embedded copies of B 3 × I, under the natural identifications given by Equation (7), we have that
Before proving Theorem 15 we give an example in which the embedded copies of B 3 × I are not chosen as specified in the Theorem and for which Equation (8) This cobordism can also be seen as the disjoint union of the identity cobordism from U 1 to U 1 and a "death and re-birth" cobordism from U 1 to U 1 (cf. Figure 4) . If the formula in Equation 8 holds also in this case, the map induced by the disjoint union cobordism would have rank either 0 or 2, contradicting our computations.
Proof of Theorem 15. We consider the cases of the gluing map and of the special cobordism separately.
We start from the gluing map. Consider a pair of a sutured Heegaard diagram (Σ M 0 , α M 0 , β M 0 ) for M 0 and an extension of it to a sutured Heegaard diagram (Σ M 1 , α M 1 , β M 1 ) for M 1 that are compatible with the contact structure ξ W as in the definition of the gluing map (cf. [HKM08] ). Choose analogous sutured Heegaard diagrams for N 0 and N 1 . The gluing maps are then defined at the complex level as the tensor product with contact classes (denoted by x M and x N ).
By transversality we can suppose that the arc c M misses the α and the β handles. Thus, if we call a M and b N the endpoints af c M , we can suppose without loss of generality that c M is embedded in Σ M 1 , and that a M ∈ Σ M 0 is close to ∂Σ M 0 and b M is close to ∂Σ M 1 . Do the same also for c N .
If you now attach a 1-handle to the disjoint union of the Heegaard diagrams
having a M and b M as feet, with an additional α curve and an additional β curve that are homotopic to the cocore of the 1-handle, then you get a sutured Heegaard diagram for M 0 #N 0 , and the splitting in Equation (7) is self-evident from the diagram.
To obtain an analogous natural splitting as in Equation (7) also for M 1 #N 1 , one should attach the 1-handle using b M and b N as feet. However, the naturality of the 1-handle attachment implies that the same result can be obtained by attaching the 1-handle using a M and a N as feet.
Then, to finish the proof for the case of the gluing map, it suffices to note that the Heegaard diagrams that we have constructed for M 0 #N 0 and for M 1 #N 1 are contact-compatible, and that the contact class is just x M ⊗ x N .
We now consider the case of W and U being special cobordisms. Without loss of generality we can suppose that the connected sums are taken near the sutures. Therefore, we can choose a sutured Heegaard diagram for M 0 (resp. N 0 ) where the endpoint of c M (resp. c N ) is close to the boundary (we call these basepoints a M and a N ). Choose a Morse function on W that has no index 0 and index 4 critical points and that does not have any critical point in a neighbourhood of c M (that also contains c M ). Then the cobordism W is achieved by handle attachments that take place away from a neighbourhood of the boundary that contains c M . The same also holds for the cobordism U.
A sutured Heegaard diagram for M 0 #N 0 is obtained by attaching a tube with feet a M and a N to the sutured Heegaard diagrams for M 0 and N 0 . All the changes in the Heegaard diagrams due to the handle attachements happen away from a neighbourhood of the boundary that contains a M and a N . One can now check that the attachment of such tube commutes with the three kinds of surgery map (1-handles, 2-handles and 3-handles).
Spin C structures
A version of Theorem 15 also holds for the cobordism maps associated to a Spin C cobordism. Although we do not need such a refinement of the theorem, we include it for the sake of completeness. The proof is quite technical, and we only outline it. 
is in the image of φ if and only if u| S 2 = 0 in Spin C (S 2 ). In such a case we call u| M and u| N the unique
The connected sum formula of Equation (7) splits along the Spin C structures as follows (sutures are dropped from the notation): 
is well-defined and injective. Moreover, u ∈ Spin C (W U, Z W U ) is in the image of φ if and only if u| S 2 ×I = 0 in Spin C (S 2 × I). In such a case we call u| W and u| U the unique Spin C structures such that φ(u| W , u| U ) = u. With the notations above, we have the following Spin C version of Theorem 15.
Theorem 17. Under the same hypothesis of Theorem 15, we have that the map in SFH associated to the cobordism W U and a Spin C structure u ∈ Spin C (W U, Z W U ) is given, with respect to the splitting in Equation (10), by the following formula:
Outline of the proof. As in the proof of Theorem 15, we can deal with the cases of the gluing map and of the special cobordism separately. For the case of the gluing map, it follows from the commutativity of the following diagram, where the maps φ are as in Equation (9) and the maps f are the ones from [Juh09, Definition 6.9].
For the case of the special cobordism, we can further consider different subcases, according to whether W consists of an attachment of a 1-handle, a 2-handle or a 3-handle, while the U is the triavial cobordism.
The case of 1-handles and 3-handles is quite straightforward, because the set of Spin C structures on a cobordism that consists of a 1-handle or a 3-handle attachment is not complicated (cf. [Juh09, Section 5.3]). The case of the 2-handles is more complicated and requires an analysis of the set of Spin C structures of the cobordism.
A (1 + 1)-dimensional TQFT
The aim of this section is to determine the (1 + 1)-dimensional TQFT defined by the cobordism maps computed in Section 2.
We first need to define the category to which we restrict our attention.
Definition 18. We define the category UCob* as follows. The objects are unlinks U n in S 3 with a marked component. The morphisms are all cobordisms generated by V, Λ, Γ, L (cf. Figure 1) and I (the identity cobordism) under disjoint unions and compositions.
As objects in our category have a marked component, we require that either each of V, Λ, Γ, L and I are bounded by unmarked regions or that a connected component of V, Λ, Γ, L or I has both of the marked components in the boundary.
Our aim is to describe the TQFT SFH : UCob* −−−→ Vect F 2 .
To do so, we need to deal with some technicalities due to the fact that link Floer homology does not naturally arise as an invariant of a marked link. For this reason we devote the rest of the section to understanding how marking a component of U n gives a preferred basis to HFL(U n ).
Let U n be an n-component unlink in S 3 . As Kronheimer and Mrowka suggest in [KM11, Section 8.2], we can take a specific model for it: we define U n to be the union of standard circles in the (x, y) plane, each of diameter 0.5, centered on the first n integer lattice points along the x axis. Label the components by 1, . . . , n, and suppose that the marked component is the n-th one.
Let V be the F 2 -vector space of dimension 2, generated by two homogeneous elements T (top-dimensional) and B (bottom-dimensional). We want to prove that there is a canonical isomorphism HFL(U n ) = V ⊗n−1 , where each factor is associated to an unmarked component of U n . This is expressed by the following proposition.
Proposition 19. There is an isomorphism
such that, if X i,j is the self-evident "swap" cobordism that swaps the i-th and the j-th unmarked components of U n , then the map F X i,j in SFH is given by permuting the i-th and the j-th factors in the tensor product.
Proof. Notice that a sutured Heegaard diagram for the unknot in S 3 is given by (A, ∅, ∅), where A is an annulus. We can construct a sutured Heegaard diagram for U n by taking n copies of this Heegaard diagram (each one associated to a link component), and by connecting the n-th annulus (i.e. the one that corresponds to the marked component) to all the other annuli with tubes. Each tube contains a homotopically non-trivial α curve and a homotopically non-trivial β curve, that intersect in two points that we call B and T (bottom-dimensional and top-dimensional). Call V the formal F 2 -vector space generated by B and T . It is easy to check that HFL(U n ) ∼ = V 1 ⊗. . .⊗V n−1 , where by V i we mean the vector space associated to the tube connecting the last component to the i-th component.
The swap cobordism X i,j acts on this particular Heegaard diagram by swapping the tubes corresponding to V i and V j . Therefore, the induced map in sutured Floer homology is just the transposition of the factors V i and V j in the tensor product.
Notice that Proposition 19 allows us to choose a canonical basis for HFL(U n ), by choosing {T, B} as a basis of V i for all 1 ≤ i < n and taking their tensor products. We call such basis C.
What we need to do now is to check how the cobordism maps F induced in SFH by disjoint unions of V, Λ, Γ, L or I look with respect to the basis C. We have to deal with few different cases.
The cobordism V
n,n+1 n First, we study the case of the cobordism from U n to U n+1 (where the marked component is always the last one) induced by a pair of pants between the last component of U n and the last two components of U n+1 . This cobordism, which we denote by V n,n+1 n , is the disjoint union cobordism of n − 1 identity cobordisms I and the cobordism V (cf. Figure 1) .
Recall that the map induced by V is
The basis is already C on HFL(U 1 ) ∼ = F 2 and HFL(U 2 ) ∼ = F 2 2 (because the elements of the basis are determined by their homological grading). The cobordism V n,n+1 n is obtained by taking a disjoint union of n − 1 copies of the identity cobordism and V. It follows by Theorem 15 that the map induced by V n,n+1 n is
The cobordism Λ n,n+1 n
Denote by Λ n n,n+1 the cobordism from U n+1 to U n (where the marked component is always the last one) induced by a pair of pants between the last two components of U n+1 and the last component of U n . This cobordism is the disjoint union cobordism of n − 1 identity cobordisms and the cobordism Λ (cf. Figure 1) .
The map induced by Λ is
As in the previous case, the basis is already the standard basis C on HFL(U 2 ) ∼ = F 2 2 and HFL(U 1 ) ∼ = F 2 . Theorem 15 implies that the map induced by Λ n n,n+1 is
The cobordism V

1,2 1
We now consider the more complicated case where the marked component is left unchanged by a pair of pants cobordism from U n to U n+1 . Without loss of generality, we can study the case of a pair of pants from the first component of U n to the first and second components of U n+1 (and identity cobordisms connecting the i-th component of U n to the (i + 1)-th component of U n+1 ). We can further restict our attention to the case when n = 2: the other cases can be recovered by taking disjoint unions with identity cobordisms.
Thus, let us consider the cobordism V 1,2 1 from U 2 to U 3 , where the marked component is always the last one. To simplify the notation, we call it VI. By Theorem 15 we know that, with respect to the identification
the cobordism map is given by
Call B the basis for F 4 2 induced by the above identification. Notice that different such identifications are possible because F 4 2 contains 3 "middle-dimensional" homogeneous elements (namely T ⊗ 1 ⊗ B, B ⊗ 1 ⊗ T and T ⊗ 1 ⊗ B + B ⊗ 1 ⊗ T under the above identification). We are now interested to understand this map with respect to the standard basis C.
Let XI denote the cobordism from U 3 to U 3 (where the marked component is always the last one) that swaps the first two components. By Proposition 19, this cobordism induces (with respect to the standard basis C of HFL(U 3 )) the swap map:
Moreover, it is clear that XI • VI ∼ = VI as marked cobordisms. It follows that the image of F VI is contained in the subspace of V ⊗2 which is invariant under the swap map. Since we already know the homological degree of F VI (T ) and F VI (B) by Equation (13), we deduce that F VI with respect to the standard basis C must be The last case that we have to study is the pair of pants cobordism from U n+1 to U n that does not involve the marked component. As in the case of Section 4.3, it is sufficient to study the cobordism Λ 1 1,2 from U 3 to U 2 , where the marked component is always the last one. To simplify the notation, we call this cobordism ΛI. As in the previous case, by Theorem 15 we know that, with respect to the identification in Equation 12, the cobordism map is given by As before, we are now interested to understand this map with respect to the standard basis C.
The fact that ΛI • XI ∼ = ΛI, where XI denotes the swap cobordism, implies that the kernel of F ΛI is contained in the subspace of V ⊗2 which is invariant under the swap map. This implies that F ΛI with respect to the standard basis C must be The last cases we have to deal with are the cobordisms given by the birth of a new component between the (i − 1)-th and the i-th ones and the death of the i-th component. In both cases, if we see the cobordism as the disjoint union of Γ or L (with marked components on both sides of the annulus) and copies of I, the map given by Theorem 15 is already with respect to the standard basis C on both range and image.
Proof of Theorem 1
We are now ready to prove Theorem 1, that we now restate here.
Theorem 1. The TQFT SFH : UCob* → Vect F 2 is the same as Khovanov's reduced TQFT. Consequently, the homology of the complex obtained from a cube of resolutions for a knot K by applying the SFH functor is the reduced Khovanov homology of K.
Proof. Consider the cobordism maps computed in Sections 4.1, 4.2, 4.3, 4.4 and 4.5 with respect to the canonical basis of HFL(U n ), where U n has a marked component. The TQFT that they define is obtained from Khovanov's TQFT by quotienting the factor V corresponding to the marked component by v − . As explained in [Kho03] , by applying this TQFT to a cube of resolutions of a knot K, one gets Khovanov's reduced homology Kh(K).
